ABSTRACT⎯The relation between the allowed range of variation of polarization controller wave-plates angles and the respective polarization scattering properties is investigated. It is demonstrated that a nearly uniform polarization scattering over the Poincaré sphere is obtained using a concatenation of three polarization controllers with angles randomly changed between -π/4 and π/4. It is also shown that an improvement of the scattering properties is obtained if the configuration angles are allowed to change between -π/2 and π/2.
produce a uniform polarization scattering over the Poincaré sphere can be useful in the development of PMD emulators. Indeed, some authors have proposed PMD emulators based on pieces of polarization maintaining fibers, interconnected with uniform polarization scattering devices [1] [2] [3] [4] . In this context, fiber-coil-based polarization controllers (PCs) [2] can be used to scatter the state of polarization (SOP) over the Poincaré sphere [1] , [2] . In [2] , we presented a detailed study of polarization scattering using this kind of PC. It was shown that using a concatenation of three PCs, and changing the waveplates of each PC following a uniform distribution between -π and π, a good uniform polarization scattering is achieved. In that work, only the influence of the number of concatenated PCs on the scattering properties was analyzed. In this letter, we extend that analysis by also considering the influence of the wave-plate angle range. The dependence of the scattering properties on both the number of concatenated PCs and the wave-plate angle range is analyzed. Therefore, the obtained analytical expressions for the variance of the Stokes vector parameters are explicitly functions of these two parameters.
II. Polarization Scattering
The PC is used to scatter the SOP results from the concatenation of two quarter-wave-plates (QWP) and one halfwave-plate (HWP), with the last one placed between the other two. The input and output SOPs can be respectively represented in the 3D Stokes space by the following two general Stokes vectors: 1 2 3 [( ) , ( ) , ( ) ]
where T indicates the transpose. The QWP and HWP are also 
Theory
Previous results show that just one PC is clearly not enough to provide uniform SOP scatterings [2] . In order to enhance the SOP scattering, a concatenation of several PCs must be considered, as shown in Fig. 1 . The SOP at the n-th PC output, 1n s + , is related to the SOP at the input of the same PC, ˆn s , by the following expression,
where the matrix 1, 2,
n n n θ θ θ n F represents the n-th PC ( 1,n θ , 2,n θ , and 3,n θ are the QWP, HWP, and QWP angles, respectively).
We assume that the PC angles are randomly changed, following a uniform distribution between m π , where m is a positive integer number. We also assume that the angles are independently changed. Therefore, the average value of the F-matrix elements, f ij , will be equal for all the n PCs and will be hereafter designated by < f ij >.
The average values of the matrix elements are calculated through the evaluation of a triple integral, as shown in [2] . In the present case, the limits of integration are
m π , and the probability density function for each wave-plate angle is 2 /( ).
mπ After this, we obtain 
where ij δ is the Kronecker delta. In contrast with the other five matrix elements, < f 22 > only vanishes for particular waveplates angles ranges, that is, if m is an even number. For odd values of m, < f 22 > does not vanish, but converges to zero as m increases. In order to analyse the statistics of the system resulting from the concatenation of several PCs, we use (4) into (3), which is subsequently applied iteratively for an arbitrary initial SOP, 1
Then, the mean values of the Stokes vector components at the end of the n-th PC, 1n s + < >, are obtained: 
where ( ) 
To compare the distributions resulting from the SOP scattering with a theoretical uniform distribution of points, a normalized variance function can be defined as is the value for a uniform distribution. This is the figure of merit that we use to evaluate our results.
Simulation Results
We start by simulating SOP scatterings for two different wave-plate angle ranges m=2 provides better results than with m=1, when the number of PCs is small (less than 10).
If we have a uniform distribution of points over the Poincaré sphere two conditions are satisfied. The projection of points over the axes s 1 , s 2 , and s 3 has a uniform distribution between -1 and 1, and the variances of the distribution over the axes have the ratio of 1/3. The previous results show that the distributions obtained with our system clearly satisfy the second condition. In the following, we show that the first condition is also satisfied.
In order to quantify the influence of the number of PCs and the wave-plate angle range parameter on the uniformity of the scattering we calculate, for each Stokes vector component distribution, ( ) i s p , a normalized deviation factor (NDF) [2] , [3] . Figure 3(b) presents the sum of the three Stokes vector component distribution NDFs as a function of the number of concatenated PCs. The results show that for a small number of PCs (up to six) a significant NDF improvement is observed if the wave-plate angle range m=2 is used instead of m=1. For six or more concatenated PCs the wave-plate angle range becomes no more relevant since the uniformity degree of the obtained distributions is similar. The points depicted in Fig. 3(a) represent the 50,000 SOPs scattered from a system comprising a concatenation of three PCs, with wave-plate angles randomly changed between -π/4 to π/4, and an initial SOP 1 
III. Conclusion
We have derived a general expression for the Stokes vector component variances, including both the number of concatenated PCs and the wave-plate angle range dependence. We showed that it is possible to obtain a uniform polarization scattering over the Poincaré sphere by a concatenating at least three PCs devices and randomly changing the configuration of the wave-plates PC angles between -π/4 and π/4. We also have shown that improvement of the scattering properties is achieved if the configuration angles are allowed to change between -π/2 and π/2.
